A number of papers have appeared during the past sixty years on the .theory of the motion of the Foucault pendulum,* but the theory is still far from being in a satisfactory state. The theory given in the various treatises on mechanics includes only the case of infinitesimal oscillations.
For oscillations of this type the equations of motion are completely integrable, and it is found that, if the motion is referred to a horizontal plane rotating in clockwise direction with uniform angular speed of period si 2 hours, where d is the latitude of the place, the pendulum describes a relatively long, narrow ellipse in which the ratio of the minor to the major axis is the same as the ratio of the period of a single oscillation of the pendulum to the period of the rotating plane. This result is independent of the azimuth of the initial vertical plane of the pendulum, so that the theory for this case is complete. For finite oscillations, however, only approximate solutions have been given. If (a represents the angular rate of the earth's rotation, and if terms of the order (02 and higher are neglected in convenient places, the equations of motion can be integrated by means of elliptic functions.t
Since the quantity Ca2 is very small, the results obtained by this process doubtless represent the motion very accurately for a considerable interval of time; but as the results obtained do not satisfy the equations of motion, no inferences can be drawn from them with safety over extended intervals of time.
It is the purpose of the present paper to set forth explicitly two rigorous particular sol-utions of the equations of motion as they are usually given.t In these equations the oblateness of the earth and the terms in 02 are neglected. It will be shown that if the pendulum is started from rest in the plane of the meridian, if certain conditions of commensurability are satisfied, and if the On Foucault's Pendulum. oscillations of the pendulum are not too large, then the motion of the pendulum is always periodic. Furthermore, it will be shown that the period of the rotating plane, which is 24 hours divided by the sine of latitude for infinitesimal oscillations, increases as the amplitude of the oscillations of the pendulum increases.
Similar results are obtained when the pendulum is started into motion with an initial impulse.
? 2. The Differential Equations.
It is assumed that the earth is a sphere and that the xy-plane is tangent to the sphere at the place of observation.
The positive end of the x-axis is towards the south, the positive end of the y-axis is towards the east, and the positive end of the z-axis is directed downward. The origin is taken at the point of suspension of the pendulum. We will let (a denote the rate of the earth's rotatlon, 6B the latitude, I the length and mT the tension of the suspending wire, and g the acceleration of gravity. 
where c is the constant of integration. Combining (1), (2) and (3), it is found without difficulty that 
which is an ellipse of which the semi-major axis is p and the semi-minor axis Nevertheless it does not seem to be convenient to develop a periodic solution in this manner. For finite oscillations we will take n= 1 where x is an arbitrary constant, the form and value of which will be determined by the initial and periodicity conditions. It will be convenient also to take l= 1+ 0 where lo is a fixed constant and X is a constant of the same type as, x. We will transform the independent variable by taking t= (1+x)er so that nt=cer, and, finally, It is not necessary to carry the computation any further, though by induction it will be shown that it is possible to carry it as far as is desired, and that the constants Xi-1 and zi-, can always be determined in the coefficient of LU' so as to keep the solution periodic.
So far as it has been computed, g is a cosine series and V7 is a sine series.
Let us suppose that, this property holds up to and including the coefficients of yt-1.
Then from (11) and these equations uniquely determine 2i-2 and xi-,. The solution of (26) which satisfies the initial conditiorns is then ti= sum of cosine terms, ni sum of sine terms.
Thus $i and vi have the properties which were assumed for gi_l and -The property holds, therefore, for every i, and consequently 0 is a periodic cosine seriLes and v is a periodic sine series.
We have therefore formally determined a periodic solution of the equations of motion, and we are assured of its convergence by the general existence theorem of periodic solutions.* A second property of the solution which has just been obtained is as folsin lows: If cos (ip ?ja)tr is a term in the solution, then i+j is an odd integer. This is certainly true up to and including the coefficients of It3. That it is general is readily seen by induction. Bearing in mind the properties of even and odd mnultiples, it is readily seen from (11) the expressions for x and y will contain only even multiples of qt. Therefore nt 2nt the xy-curve described in the interval <-_t < is identical with that described in the interval 0 <_ er < 7, though in the rotating plane they are distinct. Since x is a cosine series and y is a sine series, the orbit is symmetrical with respect to the x-axis, and it has a cusp at the point for which t=0. The pendulum is again at this cusp when 1=-_. Since the orbit is symmetrical with respect to the x-axis, it. follows that at et the orbit again crosses the x-axis perpendic2qp ularly or at a cusp.
If nm and n are not both odd (thley cannot both be even since they are relatively prime), then the expressions for g and n in the rotating plane contain both even, and odd multiples of qbr, and the orbit, while symmetrical with respect to the a-axis, is not symmetrical with respect to the n-axis. Since cy and cr each carry X as a factor, this quantity is of the order c(). Thus the line of apsides does not rotate with uniform angular motion, but its departure from uniformity is exceedingly small. At first thought, it might seem that this solution should reduce at the north pole to that of the simple pendulum referred to rotating axes, and consequently the rotating axes should hlave the period of 24 hours exactly. On second thought, however, it is seen that at the poles the Foucault pendulum becomes a spherical pendulum referred to rotating axes, for initially the pendulum is at rest with respect to the earth and therefore in motion with respect to fixed axes.
Since this motion is counter-clockwise when tlle pendulum is released, and since in the motion of the spherical pendulum the line of apsides rotates in the same direction as the motion of the pendulum itself, it follows that the line of apsides rotates in the same direction as the earth itself. Therefore it takes the earth more than 24 hours to come back to the same position with respect to the pendulum. The expression for the period of the rotating axes is P-(1+X2 8t2+ ... .) 24', and the value of x2 at the pole is positive.
? 5. Foucault's Pendulum with Initial Impulse.
If, however, the pendulum is started from relative rest, in which it hangs freely from its point of suspension, with an initial impulse, the solution so derived should reduce to the simple pendulumn at the poles. By exactly the same method as has been used above, a periodic solution can. be obtained, provided the initial impulse be directed towards the east or towards the west.
With the same notation as before, let us suppose that the initial conditions are which implies an initial impulse towards the east. The solution is found to be The period of the rotating axes is P= (1 +X2y2.... )24h; and since =,-C cos 3, it is seen that this is 24 hours exactly, at the poles, as it should be. CHICAGO, February 20, 1914. 
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